We give a sufficient condition for the evaluation fibration, whose total space is the free iterated loop space, not to be totally non cohomologous to zero with respect to a given field.
Introduction
Let F p the prime field with p elements if p = 0 and let F 0 denote the rational number field Q. We say that a fibration F i −→ E p −→ B is totally non cohomologous to zero (henceforth TNCZ) with respect to the field F p if the induced map i * : H * (E; F p ) → H * (E; F p ) is surjective, equivalently, the Leray-Serre spectral sequence for the fibration collapses at the E 2 -term.
Let X be an n-connected space of finite type with a base point and Λ m X the m-fold free loop space map(S m , X), namely, the space of all continuous maps from the m-dimensional sphere S m to X. For 1 m n, let us consider the evaluation fibration
where ev is the evaluation map defined by ev(γ) = γ(0) for γ ∈ Λ m X. One may ask when the evaluation fibration F m is TNCZ. The purpose of this paper is to give a sufficient condition for the evaluation fibration F not to be TNCZ with respect to F p . To this end, we first take a note of some non-trivial relation between indecomposable elements in the cohomology algebra H * (X; F p ). Such a relation brings us a non-trivial relation in H * (Λ m X; F p ) via the Eilenberg-Moore spectral sequences associated with fibre squares
in which ∆ is the diagonal map and the map c i is defined by carrying an element x of X to the constant loop at x. In consequence, we will see that there exists a non-trivial differential in the Leray-Serre spectral sequence. The module derivation, which has been introduced and studied in [10] , plays an important role in the consideration. In fact our main theorem (Theorem 2.2) describes how to deduce the non-triviality of F m from a non-trivial relation in H * (X; F p ) using the module derivation.
Let
−→ B be a fibration with a section. Recently, Kallel and Sjerve [8] have related the brace product of the fibration, which has been introduced by James [6] , to some differential in the integral homology Leray-Serre spectral sequence for the fibration. Since the evaluation fibration F m has a section c m defined previously, we can detect a non-trivial differential in the spectral sequence for the fibration F m if the brace product of the fibration is non-trivial. Observe that, in this case, the brace product is viewed as the Whitehead product up to the iterated adjoint isomorphism on the homotopy. As mentioned above, we obtain a way to deduce the non-triviality of F m using the module derivation so that, conversely, such information on the non-triviality enables us to investigate the Whitehead products via the result due to Kallel and Sjerve.
Consider the composition map
where ρ p is the mod p reduction. Let ξ :
2n (X; F p ) be the map induced by the cup product, in which T is the homomor-
We can then compare the dimension of the image by the composition map
with that of the kernel of the map ξ. More precisely, we will establish the following interesting inequality. Theorem 1.1. Let p be an odd prime or zero and X an (n − 1)-connected space (n 2). Then, for m n − 1,
where dim H n (X; F p ) = s and ε = 0 or 1 as n is even or odd.
In the case p = 2, the above (in)equality does not hold in general. Indeed, the result [8, Lemma 4.4] due to Kallel and Sjerve implies that
although n is even. The Whitehead products are trivial for an H-space. So one can see that the condition ξ ≡ 0, which deduces the equality, can not be relaxed even though p is odd. (We can give ΩSU (m) as such an example.) It is important to mention that Theorem 1.1 recovers an inequality concerning the Whitehead product due to Chen [2, Theorem 2] . The same argument as in the proof of Theorem 1.1 enables us to obtain an estimate of the dimension of the image by the composition
Theorem 1.2. Let p be a prime number or zero and
where ζ :
When p = 0, we have the following theorem by analyzing the minimal model for X. 
This paper is organized as follows. In Section 2, after recalling briefly the Koszul resolution and the module derivation, we describe our main theorem and its applications. Section 3 is devoted to proving the main theorem. In Section 4, we prove Theorems 1.1, 1.2 and 1.3.
Main theorem and its applications
In order to describe our main theorem, we need algebraic notation and terminology. For any non-negatively graded vector space V of finite type over F p , we denote by S(V ) the symmetric algebra generated by V . Let Γ(V ) be the divided power algebra generated by V . The desuspension s −1 V is the graded vector space defined
We here recall results on the torsion products. 
for any a, b ∈ A. In particular, if A is taken to be the symmetric algebra S(V ), then 
Therefore we can define a morphism of A-modules
denote the cohomology suspension. We are now ready to describe our main theorem.
Theorem 2.2. Let X be an n-connected space and m an integer which is less than or equal to n. Suppose that there exist a subspace
is a monomorphism and the image of ρ under the composition map [17, (6.5 )Corollary]). Therefore it follows that the m-fold cohomology suspension σ
Moreover, the map ηD is computable if algebra generators in H * (X; F p ) and relations between the elements are clarified. From these facts, one can expect that the sufficient condition in Theorem 2.2 is reasonable.
In order to prove Theorem 2.2, we will rely on the Eilenberg-Moore spectral sequences which are obtained from m fibre squares. The construction of the fibre square is as follows: Let us consider the fibration 
Observe that the fibration on the left hand side in FS m (X) is the evaluation fibration Ω m X → Λ m X → X and that FS 1 (X) is the fibre square which Smith has introduced and studied in [15] . Suppose that X is an m-connected space. Then the fibre square FS m (X) gives rise to the Eilenberg-Moore spectral sequence
as a bigraded algebra. An important point in proving Theorem 2.2 is what we can translate information of some relation on elements in
and H * (X; F p )-module maps with degree −1 which are defined below.
Let A and M be simply connected graded commutative algebras and φ :
be the external differential of the bar complex which induces the torsion product Tor A (M, M ). Then, for a ∈ A and b ∈ Ker φ, we see that
. This completes the proof.
We conclude this section with examples. One may expect that the evaluation fibration F m (X) : Ω m X → Λ m X → X is TNCZ with respect to F p if and only if the cohomology algebra H * (X; F p ) is free because the assertion is true if p = 0. However it is not true in general when p > 0. In fact the evaluation fibration F 1 (CP (n)) over the complex project space is TNCZ with respect to F p if and only if n + 1 ≡ 0 mod p (see [9, Theorem 2] ).
Since it is difficult to determine the cohomology of the m-fold free loop space in general, we can not deduce easily that a give evaluation fibration is TNCZ. Theorem 2.2 is applicable to the case where X is the Stiefel manifold.
Example 2.7. For any 1 m < n, the evaluation fibration
is not TNCZ with respect to F p if n is even and p is odd.
Proof. Put X = SO(n + k)/SO(n).
As is known [11] , H * (X; 
Proof of the main theorem
For based spaces Y and X, let map * (Y, X) denote the space of all based maps from Y to X. Throughout this section, we assume that X is an n-connected space. For any integer m n, let us consider a morphism of fibre squares 
Lemma 3.3. The following diagram is commutative:
Proof. It follows from [13, Proposition 4.5] that the composition map
coincides with the cohomology suspension. Lemmas 3.1 and 3.2 yield the result. 
where Q (z,i) are appropriate elements of H 1 (X; F p ). Since ηDρ = 0 by the assumption, we see that the element ηD(ρ) is expressed as 
We look at the mod p cohomology Leray-Serre spectral sequence {E r , d r } for F m . Let V be the subspace of E n,n−m 2 generated by the elements α
Since ev * is a monomorphism, every element of V is a permanent cycle. The equality (4.2) implies that all elements in V are in the image by the differential 
